Prom high-quality, Pekeris-type electronic wavefunctions we calculate the singlepanicle density p ( r ) and the intracule density h(8) of some low-lying S-states of twoelectron atoms, obtaining very accurate values for the energies, the cuspcondition mtias and some radial expectation values. The effect of electron correlation on both densities for these states is also studied by comparison with Hamee-Fock results. Some local important differences appear not only for the ground state, but also for the excited ones, Our results agree with some features previously found, such as the non-monotonic decrease of p ( r ) for the excited states. We also find that the Coulomb hole of singlet excited states is stmngly dependent on the procedure used for the HameeFock calculations.
Introduction
Since the single-particle density p ( r ) plays an important role in atomic physics, the study of its local properties has been a focus of attention in recent years. Most of this work has been performed from Hartree-Fock (HF) quality wavefunctions, which have simple analytical expressions. The effect of electron correlation is assumed to be not very important for the evaluation of the average properties of the density, but some studies have shown that it can be important for local values of p ( r ) in certain regions of space for the ground state of few-electron atoms (Boyd 1976, Gupta and Boyd 1978) . This fact suggests the study of these systems by means of models which include these correlations.
For two-electron atoms and ions, different correlated wavefunctions are known (Accad et a1 1971, Baker et a1 1990, Kleindienst and Emrich 1990 , Drake 1993 , Drake and Yan 1994 . The high accuracy of the energy eigenvalue predicted by these solutions, as well as the cuspcondition tests (Arias de Saavedra er a1 1994a,b), allows us to think that these results will be very close to the exact non-relativistic solution of the two-electron atom. However, most of the wavefunctions mentioned above do not lead to an analytical expression for the density p ( r ) . Nevertheless there are wavefunctions that, providing an adequate value for the energy, allow one to perform an analytical calculation of the density.
While the effect of electron correlation on the two-electron intracule density h(s), s being the interelectronic distance, has been an important topic of interest, the study of the effect of electron correlation on the density p ( r ) has received less attention. Some studies have been done (Gupta and Boyd 1978) by means of the density difference between HF and correlated results for the ground state of two-electron atoms, using ZO-term, Hylleraas-type wavefunctions or 35-term configuration interaction wavefunctions. The study of the density of excited states has been performed by means of a combination of exponentials, with an error in the energy ranging from micro to nanoHartrees (Regier and Thakkar 1984) . These have been used for studying singlet and triplet densities (Cam et ai 1993) .
The aim of this work is to study the one-electron density and the intracule density for some excited states of two-electron atoms and ions. More accurate wavefunctions allow us to perform analytical calculations of o n e and two-electron operators, and extend the study of the density differences to these excited states. Then we shall extract any conclusion about the necessity of using correlated wavefunctions for the study of local properties not only of the intracule density, but also of the oneelectron density. Atomic units will be used throughout the paper.
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Wavefunctions and main results
We shall use the following correlated wavefunctions
where we have used the isoperimetrical coordinates defined as U = r2 + rl2 -r I , U = rl + r12 -rz and w = rI + rz -r12; (Y is a variational parameter and L,(x) stands for the Laguerre polynomial of nth order. These wavefunctions are symmetric (antisymmetric) under the exchange of particles 1 and 2 when the plus (minus) sign is used. We need to have symmetric spatial functions to describe the ' S states and antisymmetric ones to describe the 3S states.
The functions in equation (1) form a non-orthogonal, but quasi-orthogonal basis (Arias de Saavedra and Buendia 1994) that enables us to diagonalize the Hamiltonian in a basis with large dimension without numerical problems. The best way to truncate the basis is to include only those functions for which^ ,k + m + n < N , , in equation (l), which is often called a Pekeris shell. We have fixed the additional variational parameter 01 so that the best upper bound to the eigenvalue under study is provided. We must remember that, due to the Hylleraas-Undheim theorem (Hylleraas and Undheim 1930) , all the eigenvalues obtained in a process of diagonalization, in any basis of a Hamiltonian whose spectrum is bounded from below, are upper bounds to the corresponding exact eigenvalues.
This type of function has been used by Pekeris (1958 Pekeris ( , 1959 al (1994) fixing (Y with the variational criterion. In all the cases mentioned, good estimations of the eigenvalues of two-electron systems are obtained, although the best ones occur when 01 is fixed with the variational criterion. These are therefore good candidates for studying the influence of correlations on the one-body and intracule densities. It is also advantageous that we can calculate analytically the spherically-averaged one-body density, defined by
as well as the intracule density where we have used the normalization to the number of electrons (two in this case) for p , and to unity for h.
In order to make an additional test of the quality of these densities, we follow the approach taken in the recent literature (Regier and Thakkar 1984, Cann and Thakkar 1992) and evaluate the cuspconditions ratios: for the single-particle density (Kat0 1957 , Steiner 1963 and for the intracule density (Thakkar and Smith 1976) Both should be equal to unity for the exact densities. For the triplet states (S = I), both h(0) and h'(0) will be equal to zero, so the test of CZ has to be replaced by a higher-order cusp condition (Thakkar 1986) Zh"' (0) c; = 3h"o which should also be equal to unity for the exact intracule density.
The results obtained in our work are displayed in table 1 for the spin antisymmetric states (S = 0) and in table 2 for the spin symmetric states (S = 1). The calculations have been performed in all cases with 1729 elements in the basis set, corresponding to N-= 25 for the singlet states and Nmax = 26 for the triplet states. (In this last case the terms with k = m must be eliminated as they correspond to zero due to the antisymmeby.) The only variational parameter, apart from the coefficients that are fixed during the diagonalization, is a. We have observed that, in order to get the best upper bound to the corresponding eigenvalue, U must be smaller when we go to higher excited states. This behaviour is related to the fact that, when the state is more excited, the electrons are further from the nuclei. It is also remarkable that the value of a is quite similar for the n3S and n'S states.
Let us begin by discussing the results obtained for the energy. A comparison with the most accurate results of this type (Drake 1993, Drake and Yan 1994) for the helium atom shows that the errors in our eigenvalues are between 10-12-10-9 in the IS states and lo-'' in the ss states. Therefore we can assert that our wavefunctions are quite adequate for a description of the correlated states and that the results are better for triplet than singlet states. It must be pointed out that the functions used in this work have an advantage over Drake's functions, in that they allow us to perform all the calculations presented here using double precision, because of the quasi-orthogonality of the basis.
With respect to the accuracy in the cusp ratios, these are higher on average than the results of Cann and Thakkar (1992) which, as far as we know, are the best results for these quantities. The behaviour of the cusp conditions when we move in the isoelectronic series produces a slight improvement in the results when the nuclear charge 2 is increased.
A test of the vinal theorem for these states has also been performed and it is illustrated in the same tables by means of the quantity -( V ) / ( T ) -2 called the vinal theorem. We have obtained values which are very close to zero. Additional interesting quantities that can be evaluated analytically from these wavefunctions are the one-and two-electron radial expectation values, ( r t ) and (&). They have been evaluated in some works (Pekeris 1959 , Accad et al 1971 , Thakkar and Smith 1977 , Regier and Thakkar 19884, Moumeni et al 1990 for wavefunctions obtained from the variational method and for non-variational ones (Haftel and Mandelzweig 1988) , and provide additional tests for the quality of the wavefunctions in different regions of space for different k. We have evaluated these quantities for some values of k, increasing the number and (rf2), respectively, for all the states and atoms considered here. These values are more accurate than the values previously obtained, to the best of our knowledge, including those considered exact in some references, i.e. those of Pekeris (1959) and Accad el al (1971) and confirm the known fact (Boyd 1974 ) that for fixed n the n3S state has a greater size than the n'S state. Let us mention some facts about the convergence on the number of elements in the basis set. As an example, figure 1 illustrates ( a ) p ( r ) and (b) h(s) for different numbers of Pekeris shells, N-, for the 2's state of helium. The full curves represent N,, = 5 , the broken curves NmJx = 10 and the chain curves are used for N,, = 15. We can see that the functions are completely similar for Nmax > 10. However, we have used a basis with NmJx = 25 in order to obtain more accurate results for the different quantities mentioned previously. The analysis performed up until now is a generalization of the one performed in Arias de Saavedra et al (1994a) for the ground state to the first S excited states of the two-electron system. The analysis of the ground state was extended to functions including negative powers and logarithms of rl + rz (Arias de Saavedra et a1 1994b) where there was an improvement in the eigenvalues and cusp conditions. It seems natural to use this basis to study the excited states. We have discoyered that the eigenvalues and cusp conditions with this basis do not improve the results presented here. The use of logarithms in the basis has a significant effect only on the description of the ground state, as was previously stated by Frankowski and Pekeris (1966) .
From all these tests we conclude that we can deal with accurate wavefunctions which allow us to evaluate very closely the exact one-and two-electron densities. The one-electron density obtained here will be applied in the next section in order to study the importance of the electron correlations in this function.
Electron correlation in the single-particle density
A study of the effect of the electron correlation on the single-particle density can be performed by a comparison between the correlated density p ( r ) obtained above, and the results obtained within the HF approach, by means of the code from Froese Fischer (1978), which will be denoted as pH&).
For the helium atom, this comparison is illustrated in figure 2 , where the values of the correlated density p ( r ) (full curves) and pHF(i-) (broken curves) have been plotted for the ground and the excited Z'S, Z3S, 3's and 33S states. (-) and HF (. ---) single particle densities of different stales of helium.
From direct observation of these figures an important effect of the correlations on the shape of the density for the excited singlet states of helium can be noted. For the triplet states, as well as the ground state, the HF and correlated densities are the same in this scale.
The graphical analysis shows some interesting qualitative results. The correlated density of 2IS has a non-monotonically decreasing behaviour as was previously observed (Regier and Thakkar 1984) , although the HF density is monotonic. Both the correlated and HF results are also monotonic for the corresponding triplet state, although a change in their convexity can be noticed in the same region of space. The states 3's and 3' s both have a minimum at intermediate distances from the nuclei, being stronger than that corresponding to the singlet state. We can note here how the position and the intensity of the minimum is different from the HF to the correlated density for the 3's state, in contrast to the 3's state.
For higher-Z members of the isoelectronic series of helium, we find that the difference between the correlated and HF results becomes smaller when Z increases because the effects of the electron4ectron interaction, which are responsible for the correlation effects, become smaller with increasing Z. These facts will be discussed later. However, we want to mention the fact that for higher-Z atoms (e.g. Z = 6) our correlated density of the 2's state becomes monotone and the peak in the 3's state becomes smaller.
A more detailed comparison between the correlated and uncorrelated densities for these states can be performed through the relative difference between the densities, defined by the function
The magnitude of this function gives an estimate of the local error that is performed when calculating p ( r ) at HF level.
An analysis of this quantity for the different states considered here shows a number of nodes for € ( I ) , which increases as the state lies higher. As an illustration of the shape of < ( r ) , we plot in figure 3 its values for the 1's. 2's and 2's states of 2 = 2 (full curve), Z = 6 (broken curve) and Z = 10 (chain curve). The + and -symbols indicate the sign of d r ) near the origin. Every time that e(r) passes through zero, it changes its sign. We note important differences increasing with r . As p ( r ) decreases sharply with r , the most important differences appear when p(r) is small, which means the differences will not affect the expectation values of p to a great extent. However, the local differences are noticeable, not only for the singlet but also for the iriplet states, although the latter are smaller. For the 3',% states, even more important differences can be found in a region around r = 10 au.
We note how e(r) decreases everywhere with increasing 2. This effect is stronger for triplet than for single states.
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zr (a.".) It is also interesting to note that the electron correlation increases the probability of an electron being near the nucleus in the ground state only. For the excited states studied here, for both spin symmetries, electron correlation decreases this probability.
Asymptotically, the correlated density decreases faster than the HF density in any case, which happens outside the present plots.
Electron correlation in the intracule density
The differences between HF and correlated calculations for the intracule densities are more important than those for one-electron densities, and have been studied more often in the literature (Coulson and Neilson 1961 , Boyd and Coulson 1973 , Banyard and Mashat 1977 , Banyard and Reed 1981 . Some of these works deal with the Coulomb hole, which is defined as the difference between the correlated and HF radial intracule densities, i.e.
s2(h(s) -~H F ( s ) ) .
We have performed comparisons of these types of calculations by using our correlated intracule densities and HF densities, and we also find very important differences between them for the singlet states. These discrepancies are dependent on the particular implementation of the HF method for the excited singlet states. In this sense, we have compared our correlated intracule densities with those obtained from the Froese Fischer HF wavefunctions by using a convenient parametrization of the numerical data, as well as with HF performed on an analytical basis. These results are illustrated for the helium atom in figure 4 . Correlated values of h(s) are plotted with full curves, while broken curves are used for the HF values of the former type and chain curves for the latter. (----) and from calculations with an analytical basis (-. -). Figure 4 shows how different the HF values are, when the two procedures mentioned above are used for the 2IS and 23S states. Note that these differences can be greater than those between the correlated results and either HF value, so the Coulomb hole will be strongly dependent on the particular HF procedure.
However, some conclusions from the observation of figure 4 can be extracted. A comparison between the correlated and HF values of h(s) shows clearly the important role of electron correlation in this quantity. mainly for small values of the interelectronic distance s. The fact that the correlation effectsare very much stronger for singlet than for triplet states is explained by the symmetric or antisymmetric spatial features of the wavefunctions for the singlet or hiplet states, respectively. The statistical hole associated with the antisymmetric hole makes the correlation effects on h(s) smaller.
Another interesting point is found for the singlet states. In the case of the ground state, the HF intracule density is greater than the correlated one, while it is significantly smaller in the case of excited states. This fact is reIated to the monoparticular description of the HF wavefunctions, in which both electrons have the same function for the ground state and a different function for the excited states.
We have also evaluated the function h(s) for the other members of the isoelectronic series considered in this work. The same features as for p ( r ) are found, i.e. the differences between the correlated and HF results decrease as Z increases, as should be expected because the electron-electron repulsion loses importance when compared to the nuclear attraction.
Conclusions
Accurate one-body and intracule densities can be obtained from variational wavefunctions of the type shown in equation (I), for which different tests for their quality hold very approximately, including the cusp relations. The evaluation of the one-and two-electron radial expectation values provide the most accurate analytic values known to date.
From a comparison of these and HF single-particle densities we conclude that this latter approximation may not be good enough in order to study the local properties of these densities. Noticeable differences between p ( r ) and pHF(r) are found for particular values of r , not only for the ground state but also for the excited states, for which the differences can be greater for large values of r . This suggests that accurate studies of the pioperties of the single-particle density of two-electron systems require the use of correlated densities of the type found in the present work. For the intracule densities, the HF description is even worse, especially for the singlet spin states.
